Let X be a Banach bimodule over a Banach algebra A. We shall seek conditions under which (1) X and its dual factorize on the same side or (2) X factors on the left (or right) if and only if its second conjugate space has a left (or right) unit.
Introduction
Let π l : A × X → X, π r : X × A → X be the left and right module actions of a Banach algebra A into an A-Banach module X. As usual, π l (ab, x) = π l (a, π l (b, x)), π r (x, ab) = π r (π r (x, a), b) and π l (a, π r (x, b)) = π r (π l (a, x), b) for all a, b ∈ A and x ∈ X. The A bimodule X is called symmetric if π r = π t l . We say that X factors on the left (or on the right) with respect to A if π r (or π l ) is surjective, respectively. Conditions under which factorization properties hold is a matter of interest and an area of intensive research. A landmark in this issue is Cohen's factorization theorem [3] . It states that X factors on the left (or right) if A has a right (or left) bounded approximate identity that it is a right (or left) approximate identity for X itself, i.e., there exists a bounded net {e i } i∈I within A so that lim i∈I xe i − x = 0 (or lim i∈I e i x − x = 0) if x ∈ X. The converse of Cohen's result is false [10, 9] . Our aim in this article is to investigate conditions under which X and its dual space X * factorize on the same side. This problem was posed in [2] , where the reader can consult about Arens adjoints of bounded bilinear forms between Banach spaces, factorization results and the notation used. In particular, given a bounded bilinear map between normed spaces over the same field β : E × F → G we recall the basic operations of Arens adjointness β * : G * × E → F * and transposition β t : F × E → G that produce bounded bilinear maps so that f, β * (g * , e) = β(e, f ), g * and
It is worth mentioning that the thirth Arens duals π * * * l and π * * * r induce the left and right actions of the Banach algebra (A * * , ) on X * * , where denotes the first Arens product. Analogously, π t * * * t l and π t * * * t r induce the left and right actions of the Banach algebra (A * * , ♦) on X * * , where ♦ denotes the second Arens product. We shall write Z (A, X) = {a * * ∈ A * * : π * * * l (a * * , x * * ) = π * * * r (x * * , a * * ) if x * * ∈ X * * }, and Z ♦ (A, X) = {a * * ∈ A * * : π t * * * t l (a * * , x * * ) = π t * * * t r (x * * , a * * ) if x * * ∈ X * * }.
We denote by U r (A * * , ) the right units of A * * with respect to the first Arens product and by U l (A * * , ♦) the left units of A * * with respect to the second Arens product. We shall also denote U (A * * , ) and U (A * * , ♦) to the set of units of (A * * , ) and of (A * * , ♦), respectively. Besides, M(A * * ) denotes the class of mixed units of A * * .
In Th. 1 we shall give some simple conditions that allow simultaneous factorizations. We shall consider these conditions in some concrete situations, for instance in Ex. 1 (with A = X = c 0 (N)), in Ex. 2 (with A = X = K(H) and A = K(H), X = N (H)) and on Banach modules over some group algebras in Corollary 1. In Prop. 1 (resp. Prop. 2) we shall seek conditions that allow to deduce factorization of X (resp. of X * ) with respect to A assuming that X * (resp. X) factors with respect to A. In Th. 2 we will consider the case in which A * * has lateral units subject to some additional condition so that X factors on one side if and only if X * factors on the same side. Finally, in Th. 3 we consider the same problem assuming the existence of mixed units.
On some simultaneus factorizations
Theorem 1 1. An element a * * ∈ A * * belongs to Z (A, X) if and only if
in X * for all x * ∈ X * , where {a α } α∈A is any bounded net in A so that a * * = w * − lim α∈A a α in A * * .
If
A has a right bounded approximate identity and there is some a * * ∈ Z (A, X) so that π * * r (a * * , x * ) = x * for any x * ∈ X * then X and X * factors on the left with respect to A.
3. An element a * * ∈ A * * belongs to Z ♦ (A, X) if and only if
4. If A has a left bounded approximate identity and there is an element a * * ∈ Z ♦ (A, X) so that π t * * l (a * * , x * ) = x * for any x * ∈ X * then X and X * factorize on the right with respect to A.
Proof.
1. Let a * * = w * − lim α∈A a α be given in Z (A, X). For every x * ∈ X * and x * * ∈ X * * we have
and the condition is necessary. Now, if the condition holds we see that
x * , π * * * r (x * * , a * * ) = π * * r (a * * , x * ), x * * = lim α∈A π * l (x * , a α ), x * * = lim α∈A a α , π * * l (x * * , x * ) = π * * l (x * * , x * ), a * * = x * , π * * * l (a * * , x * * ) .
2. Let a * * ∈ Z (A, X) so that π * * r (a * * , x * ) = x * if x * ∈ X * . For every x ∈ X and x * ∈ X * then
Thus x = w − lim α∈A π r (x, a α ) and the net {a α } α∈A becomes a weak right bounded approximate identity of X within A. Hence XA becomes weakly dense in X. Further, the linear span of XA becomes strongly closed (cf. [6] , V.3.7, p. 420) and by Cohen's factorization theorem X factors on the left with respect to A. Moreover, π * l becomes a right action of A on X * and as a * * ∈ Z (A, X) then X * A is also weakly dense in X * . Finally we argue as before to infer that X * factors on the left with respect to A.
3. It follows as 1.
It follows as 2.
Let us consider some concrete applications of Th. 1.
Example 1 Let A = c 0 (N) with pointwise product and X = A. If for n ∈ N, δ n is the usual Kronecker delta, i.e., δ n (m) = 1 if m = n and 0 otherwise, then {δ 1 + ... + δ n } n∈N becomes a bounded approximate identity for A.
Given F ∈ l ∞ (N) and a function τ :
Let be given bijective functions λ, : N → N. We write π l (a, x) = a λ x and π r (x, a) = a x for a ∈ A and x ∈ X. It is readily seen that π l and π r are well defined actions of A on X. As X * ≈ l 1 (N) it is straightforward to see that
a * * (n) x * n e n in X * , where a * * ∈ A * * , x * ∈ X * and for each n ∈ N we write e n = {δ n } n∈N in l 1 (N). Besides X * * ≈ l ∞ (N). So, for every a * * ∈ A * * and x * * ∈ X * * we obtain π * * * l (a * * , x * * ) = Ψ * * λ (a * * ) x * * and π * * * r (x * * , a * * ) = x * * Ψ * * (a * * ).
But A is Arens regular and its second dual space fully identifies with l ∞ (N) endowed with pointwise multiplication. So, if λ = (or π l = π t r ) then A * * = Z (A, X). Finally, by (1) we see that, for instance, π * * r (1, u * ) = u * for any u ∈ X * , where 1 = w * − lim n→∞ (δ 1 + ... + δ n ). If A = K(H) let {e n } n∈N be a fixed orthonormal basis and E n = n j=1 e j e j if n ∈ N, where for x, y, z ∈ H we write (x y)(z) = z, y x. It is easily seen that {E n } n∈N is a left bounded approximate identity for A. The algebra A is Arens regular [13] . In this case, Z (K(H), K(H)) and Z ♦ (K(H), K(H)) coincide with the center Z(A * * ) of A * * and Z(A * * ) ≈ CId H as A * * ≈ B(H) [5] . Besides A * ≈ N (H). As N (H) is a left ideal of K(H) by Cohen's factorization theorem we see that K(H) = K(H)K(H) and N (H) = K(H)N (H). Moreover, let E = w * − lim n→∞ E n in A * * . Then E ∈ Z ♦ (K(H), K(H)) and π t * * l (E, η) = η if η ∈ N (H). For, let η ∈ N (H) and k * * ∈ B(H), say k * * = w * − lim s∈S k s where {k s } s∈S is some bounded net of K(H). Then 
By (2) and (3) is E♦k * * = k * * ♦E = k * * and so E ∈ Z ♦ (K(H), K(H)). Moreover, if k ∈ K(H) and η ∈ N (H) we see that k, π t * * l (E, η) = π t * l (η, k), E = lim n→∞ E n , π t * l (η, k) = lim n→∞ π t l (k, E n ), η = lim n→∞ π l (E n , k), η = k, η .
By Th. 1 4. we infer that N (H) = K(H)N (H).
Proposition 1 Let A be a Banach algebra with a right bounded approximate identity. If X is symmetric, X * factors on the left with respect to A and the right action of A on X * is faithful then X factors on the left with respect to A.
Proof. If X do not factors on the left with respect to A by Cohen's factorization theorem the linear span of XA, that is necessarily closed, must be a proper subspace of X. By the Hahn-Banach theorem there exists λ ∈ X * −{0 X * } with null restriction on [XA] . Let x * 0 ∈ X * and a 0 ∈ A so that λ = π * l (x * 0 , a 0 ). Since X is symmetric, if a ∈ A and x ∈ X we have 0 = π l (a, x), λ = π l (a 0 , π l (a, x)), x * 0 = π l (a 0 a, x), x * 0 = x, π * l (x * 0 , a 0 a) ,
i.e., π * l (x * 0 , a 0 a) = π * l (λ, a) = 0 X * which is not possible if λ = 0 X * and A acts faithfully on the right on X * .
Proposition 2 Let
A be a Banach algebra endowed with a bounded approximate identity.
1. Suppose that X factors on the left with respect to A. If there is a bounded weak right approximate identity {e α } α∈A for X in A that define an element e * * = w * − lim α∈A e α in Z (A, X) then X * also factors on the left with respect to A.
2.
Suppose that X factors on the right with respect to A. If there is a bounded weak left approximate identity {f β } β∈B for X in A that define an element f * * = w * − lim β∈B f β in Z ♦ (A, X) then X * also factors on the right with respect to A.
Proof.
1. Since A has a bounded approximate identity and X factors on the left (resp.right) with respect to A there is a weak right (resp. left) approximate identity for X in A (cf. [2] , Th. 3.3 (i) and (ii)). Now, in the present conditions let us assume that X * do not factors on the left with respect to A. By Cohen's theorem the linear span of X * A is closed. By the Hahn-Banach theorem let x * * 0 ∈ X * * − {0 X * * } that annihilates on X * A. For every x ∈ X and x * ∈ X * we have
x, π * * r (e * * , x * ) = π * r (x * , x), e * * = lim α∈A e α , π * r (x * , x) = lim α∈A π r (x, e α ), x * = x, x * , i.e., π * * r (e * * , x * ) = x * . Moreover,
x * , π * * * l (e * * , x * * 0 ) = π * * l (x * * 0 , x * ), e * * = lim α∈A π * l (x * , e α ), x * * 0 = 0 i.e., π * * * l (e * * , x * * 0 ) = 0 X * * . So, π * * * r (x * * 0 , e * * ) = 0 X * * as e * * ∈ Z . Then
x * , x * * 0 = π * * r (e * * , x * ), x * * 0 = x * , π * * * r (x * * 0 , e * * ) = 0
for every x * ∈ X * , which is not possible because x * * 0 = 0 X * * .
2. Analogously, if X * do not factors on the right with respect to A we choose x * * 1 ∈ X * * − {0 X * * } that annihilates on AX * . If x * ∈ X * it is seen that π t * * l (f * * , x * ) = x * and π t * * * r (f * * , x * * 1 ) = 0 X * * . Hence 0 X * * = π t * * * t r (x * * 1 , f * * ) = π t * * * t l (f * * , x * * 1 ). Therefore x * , x * * 1 = π t * * l (f * * , x * ), x * * 1 = x * , π t * * * t l (f * * , x * * 1 ) = 0
for every x * ∈ X * , which is not possible.
Remark 1 If e * * is a right unit in (A * * , ) it is known that X factors on the left with respect to A if and only if e * * is a right unit for X * * (cf. [2] , Th. 3.4). Analogously, if e * * ∈ U l (A * * , ♦) then X factors on the right with respect to A if and only if e * * is a left unit for X * * .
Theorem 2 Let X be a Banach bimodule over a Banach algebra A.
1. If U r (A * * , ) ∩ Z (A, X) = ∅ the following assertions are equivalent:
(a) X factors on the left with respect to A.
(b) X * factors on the left with respect to A.
(c) X * * has a left unit.
2. If U l (A * * , ♦) ∩ Z ♦ (A, X) = ∅ the following assertions are equivalent:
(a) X factors on the right with respect to A.
(b) X * factors on the right with respect to A.
(c) X * * has a right unit.
1. (a) ⇒ (b) As (A * * , ) has a right unit e * * there is a right bounded approximate identity in A (cf. [4] , Prop. 2.9.16(ii)). Hence, if X * do not factors on the left with respect to A by Cohen's theorem the linear span of X * A is a proper closed subspace of X * . As in Prop. 2 1. we choose x * * 0 ∈ X * * − {0 X * * } that annihilates on X * A. If besides e * * ∈ Z (A, X) then x * * 0 = π * * * l (e * * , x * * 0 ). Further, for every a ∈ A and x * ∈ X * we see that π * l (x * , a), x * * 0 = a, π * * l (x * * 0 , x * ) = 0 i.e., π * * l (x * * 0 , x * ) = 0 A * . Hence 0 = π * * l (x * * 0 , x * ), e * * = x * , π * * * l (e * * , x * * 0 ) = x * , x * * 0 , which is impossible.
By the continuity of the modular function ∆ G of G, the continuity of the inversion of G and the continuity of the map c → r c f of G into L 1 (G) it is easy to see that F f ∈ C b (G) (see [7] , Th. 15.11 and Th. 20.4). Therefore L ∞ (G) do not factors on the left (and analogously to the right) with respect to L 1 (G). Since by Cohen's theorem L 1 (G)L 1 (G) = L 1 (G), 1. follows by Th. 3.
2. Likewise, let π l : L 1 (G)×C 0 (G) → C 0 (G) be the left action of L 1 (G) on C 0 (G) induced by Π l . Then π * l : M (G) × L 1 (G) → M (G) and for every x ∈ C 0 (G) and f ∈ L 1 (G) for almost every a ∈ G we have Thus π * l (µ, f )(c) = (µ * f )(c)dλ(c) for almost every c ∈ G. Then M (G) do not factors on the left with respect to L 1 (G) as the closed ideal of absolutely continuous measures of G is proper in M (G). Since C 0 (G) factors with respect to L 1 (G), 2. follows by Th. 3.
3. If G is abelian the action of L 1 (G) on C 0 (G) becomes symmetric and the conclusion follows analogously by Th. 3.
Remark 3
For an alternative proof of Corollary 1 1. we can argue as follows: let e * * ∈ M(L 1 (G) * * ). If besides e * * ∈ Z (L 1 (G), L 1 (G)) it is seen that e * * ∈ U (L 1 (G) * * , ). As e * * ∈ U l (L 1 (G) * * , ♦) then e * * belongs to the left topological center Z l (L 1 (G) * * ) of L 1 (G) * * . But Z l (L 1 (G) * * ) = L 1 (G) (cf. [8] , Corollary 5.5). Hence e * * ∈ U (L 1 (G)) while L 1 (G) has no units (cf. [12] , Th. 1.10). Thus M(L 1 (G) * * ) ∩ Z (L 1 (G), L 1 (G)) = ∅. Similarly, M(L 1 (G) * * ) ∩ Z ♦ (L 1 (G), L 1 (G)) = ∅.
